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Analytical Modeling of Runway Stone Lofting
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This investigation aims to develop a closed-form analytical model to understand and predict runway stone lofting
processes by considering the rigid-body interaction of a tire partially rolling over a stone. Any leading-edge aircraft
structures impinging into the path of such stones could experience impacts at speeds up to the aircraft takeoff
velocity, despite being some distance from the sides of the wheels. The results of the analytical model provide upper-
bound envelopes of the vertical loft speeds obtained in previous numerical simulations and modified drop-weight
experiments. Parametric studies conclude that the vertical loft speeds rise with increasing stone—tire overlap, stone
size, and aircraft speed and with deceasing tire diameter. The outcomes of this model form a basis for vehicle
designers to assess the runway stone impact threat by better understanding the physics of lofting.

Nomenclature

b = horizontal offset distance between stone and tire
centers, m

Cp = aerodynamic drag coefficient

d = horizontal distance between center of stone and tip of
asperity, m

e = energetic coefficient of restitution

e, = coefficient of restitution between the stone and the
ground

e, = coefficient of restitution between the tire and the stone

F = friction force, N

Fp = aerodynamic drag force, N

g = gravitational constant, m/s?

h = height of impact point or contact point C above
ground, m

K = constant

L = length of tire footprint, m

l = overlap between the edge of the tire and the stone, % of
stone diameter

mg = mass of stone or sphere, kg

m, = mass of tire, kg

p = height of asperity, m

qg = vertical displacement of stone, m

R. = tire cross-sectional radius, m

r = radius of stone or sphere, m

s = displacement of stone, m

t = time,s

u = vertical launch velocity of stone, m/s

V= aircraft speed relative to the ground, m/s

v = velocity, m/s

v, = critical speed below which no impact damage occurs,
m/s

v, = damage or delamination threshold velocity, m/s

v, = speed of stone after contact with tire, m/s

v; = impingement velocity, m/s
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absolute component of tire velocity along line connecting
mass centers of stone and tire, m/s

velocity of stone relative to the aircraft, m/s

vertical component of velocity of tire, m/s

integration parameter, m/s

horizontal distance between tire—ground and stone—tire
contact points, m

horizontal displacement along tire axis, m

height of tire center above stone center, m

stone launch angle above ground in plane of wheel, rad
vertical deflection of tire, m

coefficient of friction or dynamic viscosity, N-s/m?
coefficient of friction between ground and stone

density, kg/m3

angle relative to vertical of line intersecting the stone and
tire centers, rad

angular velocity, rad/s

angle above ground in plane perpendicular to tire motion,
rad
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NOWLEDGE of runway debris lofting mechanisms is cur-

rently very limited, but an improved understanding of these
mechanisms provides a means to assess the threat of impact damage.
An example of the severity of the impact damage produced by
runway debris is shown in Fig. 1, which depicts extensive denting
and tearing of the metallic skin of a C-130 Hercules component. The
objective of this study is to develop a physically based closed-form
analytical model to predict critical runway stone lofting parameters,
such as the vertical loft speed, as a function of aircraft and runway
conditions. The next section presents an overview of key work on
runway debris lofting and background information of the relevant
analytical approaches used for modeling impact events and high-
lights the importance of understanding the fundamental processes
underlying stone lofting.

Introduction

II.
A. Previous Lofting Studies

Background

To date, the greatest insight into lofting mechanisms has been
provided by high-speed video in experiments with loaded tires
overrolling stones [1,2]. These studies are the basis of the design
requirements for runway debris for many aircraft. The experiments
gave estimates of bounds that could be placed on velocities and
directions of lofted stones and enabled potential mechanisms to be
confirmed or rejected. They also provided some insight into the
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Fig. 1 Photograph of C-130 Hercules main gear undercarriage bay doors. The undamaged trailing edge of the door is shown on the left and the impact

damaged leading edge of the component is shown on the right.

influence of parameters such as tire velocities and pressure and
runway conditions on lofted-stone trajectories. These previous
studies found an exponentially decreasing distribution in the number
of stones lofted with regard to increasing loft speed or height. How-
ever, there remained controversy as to whether stones were launched
from the side or the rear of the tire footprint, which clearly influences
the dominant lofting mechanism. Because of the resources required
for such experiments, it was difficult to identify clear trends, because
the data set of lofted stones was limited and the validity of scaling the
results to reflect realistic takeoff and landing speeds was uncertain.
Therefore, numerical models have been implemented to gain an
insight into the influence of various stone and aircraft parameters on
the lofting mechanisms [3-5].

However, for efficient design and sizing of aircraft components,
analytical models are more useful. Thus, accompanying the experi-
ments mentioned above, simple analytical models were proposed
and suggested that there was the potential for high stone launch
speeds to be achieved, despite the major experimental studies only
observing low vertical velocities. These models were based on
assumed lofting mechanisms, such as a stone being pinched out from
beneath a tire tread (pinch lofting) or being struck downward with a
rapid glancing blow (hammer lofting). Since the latter mechanism
was reported to provide greater consistency with the experimental
evidence, the current investigation developed a model based on this
mechanism. The equations for determining the initial tire—stone
contact speed given in [1] were used as a starting point to develop the
analytical model.

B. Ball Impact Models

Numerous analytical studies of dynamic contact between two
bodies with friction have been presented in the literature [6-8].
However, the treatment of a body simultaneously in contact with two
other bodies having very different material and geometrical proper-
ties has been addressed much less extensively. Tire material rubber
with an initial tangent modulus of typically 30 MPa [9] may interact
with stones and runway surface materials having elastic moduli of
approximately 50 and 25 GPa, respectively [9]. Given the range of

typical runway stone sizes of up to 30 mm [10] and aircraft takeoff or
landing velocities of up to 100 m/s [10], the mechanics of launching
sports balls was considered relevant. Many successful predictions of
the impact behavior of objects such as golf balls, snooker balls, and
cricket balls have been made by using discrete spring-mass-dashpot
models [11]. These models have been based on equations of motion
constrained by conservation of energy, conservation of momentum,
and definitions of normal and tangential coefficients of restitution.
Typically, the models have used only a single parameter for the
coefficient of friction, corresponding to that occurring after slip has
taken place. In cases where considerable deformation occurred, there
was no single contact point about which angular momentum would
be conserved. This was expected to limit the validity of the analytical
solutions for predictions of high-speed events occurring with spin.
However, recent studies of deformable ball impacts have shown that
the deviations of the rebound angles from rigid-body theory were
surprisingly small [12].

C. Significance of Dominant Lofting Mechanisms

To illustrate how an understanding of the governing lofting mecha-
nism can affect structural design decisions, consider the design of a
leading-edge component close to a wheel, as shown in Fig. 2a. If
tangential lofting were assumed, such that the total speed of the stone
v, relative to the aircraft was equal to that at the outer diameter of the
tire (i.e., the aircraft speed V relative to the ground), the maximum
normal velocity component upon impact would be V cos «. Take, for
example, o =60° so that v =V/2. In contrast, if the
impingement of the aircraft onto the stone is the underlying process,
then v™* =V and the maximum kinetic energy is four times that
predicted by the tangential loft model. A physical interpretation for
the cause of this discrepancy is that for the tangential loft model, the
stone needed to be pulled forward by the tire to remain in contact with
itand follow the upward path of the tread. The forward velocity of the
stone reduces the relative horizontal velocity between the stone and
the aircraft. For horizontally oriented structures, the effect of incor-
rectly assuming a tangential loft mechanism would be to under-
estimate the tangential impact velocity but overestimate the normal
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Fig. 2 Illustrations of a) side view of an impact caused by tangential lofting on a component leading edge and b) front view of tire.
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Fig. 3 Definition of coordinate system for analytical modeling of stone
lofting.

impact velocity. As a consequence, a design approach based on a
simplistic and inaccurate lofting mechanism could result in unneces-
sarily heavy structures and reduced payload capacity.

III. Inmitial Tire-Stone Contact Speed

This section concerns analytical modeling of the stone-tire inter-
action leading to sideward lofting, using a classical mechanics
analysis to progressively develop a realistic final model. The first step
is to calculate the initial contact speed between the tire and the stone
so that the nature of the load applied to the stone could be established.
The origin of the coordinate system is at the stone—ground contact
point, with the reference axes and planes defined as shown in Fig. 3.
The stone is assumed to be spherical and the ground is assumed to be
perfectly flat. The ground, the stone, and the tire are assumed to be
rigid, and the tire is considered to roll without slip.

For the axes, x is the axis along the direction of aircraft travel, with
positive being forward; y is the sideward direction parallel to the tire
axis, with positive to the left of the tire; and z is the axis in the vertical
direction, with positive taken upward.

For planes, x—y is the ground plane, y—z is the plane that bisects the
stone and contains the sideward stone trajectory, and x—z is the plane
bisecting the stone and perpendicular to the axis of the tire.

The initial velocity at which the tire surface approaches the stone
can be calculated as a function of the geometry and speed of the tire
and the geometry of the stone. Two distinct cases were considered:

1) The entire stone was within the tire footprint width.

2) The stone was partially inside the footprint width.

A. Stone at the Center of the Footprint

For complete overrolling of a stone, the vertical and resultant
stone—tire contact velocities are shown in Fig. 4. The vertical

Fig. 4 Kinematics of rolling over a stone at the center of the tire
footprint.

component of the initial tire—stone contact velocity can be expressed
as follows [1] using the derivation shown in the Appendix:

v, = Vy/2h/R = (h/R)? )

The total velocity of initial contact between the tire and the stone
can be found by

¢ =¥+ I @)

\%
v=wq=Ev2Rh A3)

v=V2h/R )

The angle relative to the vertical at which initial contact occurs is

6 =cos!(v,/v) ©)

0 =cos™'y/1—h/2R (6)

For typical stone and tire parameters, # = 20 mmand R = 0.2 m,
we obtain 6 = 13°.

B. Stone at the Edge of the Footprint

The initial contact speeds are slightly different when the stone is at
the edge of the tire footprint (Fig. 5) and depends on the angle that the
tire shoulder makes with the ground. The tire radius is assumed to be
large compared with the stone radius so that the initial contact occurs
at a position with an x coordinate close to that of the center of the
stone. The derivation given in the Appendix leads to the following
expression taken from [1]:

v, = V/2h/R — (h/R)? + (b/R)*tan’p — (2b/R)tan¢  (7)

C. Tire Deflection

Equation (1) assumes that the tire has no deformation from vehicle
loading and rides tangentially to the runway surface. The analysis
becomes slightly more complex if it accounts for the finite deflection
of the tire surface caused by vehicle loading. This deflection may be
expressed in terms of the easily measured footprint length of the tire
using Eq. (8) taken from [1] and derived in the Appendix:

§=R— VR —L?/4 (8)

If the assumption is made that the tire surface clear of the runway is
undistorted by runway contact, the tire deflection may simply be
added to the height & of the contact point on the stone when
calculating the speed of tire—stone contact, Fig. 6. Thus, Egs. (7) and
(8) provide a simple, complete, and relatively accurate computation
for the downward-directed velocity of a tire tread as it contacts a
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Fig. 5 Illustrations of a) right side view of tire—stone contact at the edge
of the tire footprint and b) rearward view of contact between tire and
stone.
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Fig. 6 Vertical deflection of tire due to vehicle load.

stone surface as a function of stone height, tire geometry, and aircraft
forward velocity [1].

For an aircraft tire, the vertical deflection is also a function of the
aircraft speed, due to greater lift at higher speeds. An initial approxi-
mation would be to assume that the deflection varies with the square
of the tire speed, taking a maximum value when the tire is stationary
and having zero deflection when the aircraft reaches the takeoff or
landing speed:

8= 50[1 - (V/Vr)z] C)

IV. Runway Stone Loft Model

A starting point for developing a lofting model governed by a
hammer mechanism involved simplifying the problem by treating
the tire—stone and stone—ground interactions as independent events.
Figure 7a details the contact between the tire, stone, and ground.

This model relies on the assumption that although the stone
receives forces from the two surfaces simultaneously, because the
surfaces are not identical, the stone will leave one surface before the
other. The simplified two-dimensional loft model developed here
treats the stone, ground, and tire as rigid and later introduces friction
into the interactions.

A. Frictionless Tire-Stone and Stone—Ground Interactions

Consider the motion of a tire rolling over a stone as a rigid-body
collision. A mass m, is assigned to the section of tire striking the stone
to enable calculation of the momentum that may be transferred.
Later, the tire mass is assumed to be much greater than the stone
mass. Immediately before impact (Fig. 7a), the absolute component
of the tire velocity v,, along the line connecting the centers of mass of
the stone and the tire is

z
R.+r

v, =v,co86 = v, (10)

a) b)
Fig. 7 Illustrations of a) vertical cross section of interaction between

tire, stone, and ground and b) stone velocities after impact from tire and
rebound from ground.

where the vertical velocity component of the section of tire
descending upon the stone can be approximated using Eq. (1). In the
special case of frictionless interactions, v, = w, = 0. By combining
the definition of the coefficient of restitution with conservation of
momentum, the final speed of the stone after the collision with the
tire is [6]

_ (1 + et)mtvn
- mg + m,

vy (11)

A diagram detailing the kinematics of the impact between the
stone and the ground is shown in Fig. 7b. If the ground is smooth, the
velocity component of the stone parallel to the ground is unaffected.
The vertical component of the stone loft velocity is given by

v, = egvfcosé (12)

Combination of Egs. (10) and (11) and use of the geometrical
relations in Fig. 7b then yields

(I+e) R AP

" m 1 R A
_alde)fy (b ), (13)
mg/m, + 1 R.+r <

If the mass of the stone is much smaller than the mass of the tire,
ie., m; < m,, then

b 2
wmetvai (2 o

The maximum value of v;, would occur when e, =¢, =1,
b =0 = >v;, ~ 2v,. The maximum value of v, within the range of
expected stone and tire diameters is v, ~ 0.5V. Hence, the maximum
vertical loft velocity is approximately the speed of the aircraft.
However, this scenario would not be possible, since the stone would
strike the tire after it rebounded from the ground. There would be
repeated rebounds until the tire moved out of the path of the stone. If
the offset distance is such that b > 0, the stone may still clip the lower
surface of the tire after bouncing off the ground. The vertical speed of
the stone would be reduced by this rebound, but its maximum speed
may still be approximated by the expression above. The actual loft
speed would depend on the number of rebounds between the stone,
the ground, and the tire.

B. Tire-Stone and Stone-Ground Friction

When friction is introduced between the tire and stone, the
tangential component of the impact velocity can cause the stone to
spin, as shown in Fig. 7a. Assuming that there is no slip at contact
point C, the stone is given an angular velocity:

v, v,sinf v,

a)0:7 r _r(RC—I—r)

5)

For a spherical stone, the ground friction will not affect the vertical
loft velocity, but will influence the spin and horizontal velocity.
Applying general equations of motion for impacts with friction [6] to
the current loft model gives

Uiy = gy — (1 4+ e)vy, (16)
r
w1=w0—ﬂg17(1 +e,)vy. a7)

This leads to the following translational and angular velocities for
the lofted stone:

_ (I+e) bz b \?
U = T 1 {(Rf T eg)[l B (Rf n r) ]}”
()
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Fig. 8 Kinematics of asperity lofting of a stone radius r.
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C. Asperity Lofting

This section briefly considers the potential lofting of a rigid stone
of irregular geometry, in which the irregularity is idealized as a single
protrusion on the surface of the stone with a height p above the
average radius of the stone (Fig. 8). An interaction between the
protrusion and the ground can lead to the stone attaining a vertical
velocity in two ways [1]. The protrusion can dig into the ground
causing a horizontally moving stone to be levered upward by rotating
about the asperity tip. Alternatively, a spinning stone, whether
initially translating or not, can be propelled with a vertical velocity as
the protrusion strikes the ground. The following equations can be
used to quantify the ratio of the vertical loft velocity to the initial
horizontal or tangential surface velocity of the stone:

d= (@ +p)>—1r (21)

v, =dw=dv,/r (22)

v /v, = (p/r)y/2r/p+1 (23)

Plots of the vertical velocity and the corresponding loft angles as
functions of the asperity height are shown in Fig. 9. Stones of realistic
asperity heights were therefore expected to obtain loft angles up to
45° via this asperity lofting mechanism [1] if the ground surface is
flat.

D. Analytical Model Parameters

The results for the rigid-body model were calculated using
Eq. (20) and implemented in MATLAB 6.5. The default parameters
used in this model were r =10 mm, R=0.2 m, V=70 m/s,

1.0

0.8

0.6 A

v,/ v,

0.4

0.2

0.0 T T T
0.0 0.1 0.2 0.3 0.4

p/r
Fig. 9 Variation of vertical loft velocity obtained using Eq. (23) with the
asperity height.

1=30%, R, =1mm, pu,=0.6, u,=0.65, e, =0.7, e, =0.6,
p, = 2700 kg/m?, and m, = 65 kg. A very small tire cross-sectional
radius R, was chosen to simulate the impact by a sharp cornered tire
for later comparison with modified drop-weight experiments. Values
for the coefficient of restitution for materials relevant to runway
debris lofting were estimated based on data in the literature for
objects of similar geometrical and material properties [13]. These
values were functions of the relative impact velocity v;, and empirical
relationships found by curve fits to experimental data are shown in
Table 1. It should be noted that experimental values for the coefficient
of restitution exhibit considerable scatter making it difficult to obtain
a single reliable value. For instance, when v; = 35 m/s, the coeffi-
cients of restitution for a 22 mm steel ball and a 16 mm glass ball
against 56 mm rubber were calculated to be 0.61 and 0.50, respec-
tively. Hence, the approximation of e, = 0.6 was chosen because the
mean value of 0.56 was rounded to the nearest decimal place to reflect
the low accuracy of the estimate. Note that actual tire rubber material
would be thinner than that used to obtain the coefficient of restitution
values in Table 1. Assuming the stone strikes the ground at the same
relative impact velocity, and assuming that the ground behaves in a
similar way to the slate surface, the values of e for a 22 mm steel ball
and a 16 mm glass ball against a slate surface were 0.65 and 0.75,
respectively. Hence, the mean value of e, = 0.7 was chosen. In the
rigid-body model, the tire cross-sectional radius, the stone density,
the mass of the tire and the stone—ground coefficients of friction had a
negligible effect on the vertical loft velocity within the range of
values of interest.

Stone diameters were varied from 10 mm to 30 mm to model
stones considered large enough to cause damage but small enough to
have a significant likelihood of being encountered [10]. The baseline
value was the median of this range and was chosen to simplify
specification of the overlap. Tire diameters varied from 0.4 mto 1.4 m
to consider the whole range of nose and main wheel tire sizes that
may be used [14]. The baseline value was 0.4 m, because this was a
typical value for a nose wheel of a fast military aircraft, which was
expected to be responsible for the most critical impact scenarios. The
tire speed was varied from 0 m/s to 100 m/s to account for the full
range of takeoff and landing velocities of military and civil aircraft
[14]. The baseline value of 70 m/s was chosen, since this was the
mean takeoff velocity of military aircraft [10], which were most
susceptible to runway stone damage.

The overlap was varied from 0 to 50% of the stone diameter to
consider all instances in which the center of the stone was not within

Table 1 Coefficient of restitution for various impact configurations [13]

Rebounding object Target surface

Empirical relationship

e forv; =35 m/s

22 mm steel ball 56 mm rubber

22 mm steel ball 31 mm slate
16 mm glass ball 56 mm rubber
16 mm glass ball 31 mm slate

e = 0.6809v; 0029 0.61
e = 0.7498v; 00405 0.65
e = 0.6696v; 00842 0.50
e = 0.8526p; 00343 0.75




NGUYEN, GREENHALGH, AND OLSSON 1417

the tire footprint and was therefore expected to produce sideward
lofting. Overlaps greater than 50% were considered to result in
tangential lofting for which the tire speed could be used as a conser-
vative estimate for the impact speed. Since any overlap was equally
likely, the default overlap used for all of the analytical models was
chosen to be 30%, because this was roughly midway between the two
extremes and was rounded to the nearest 10% for simplicity.

The coefficient of restitution values used in the rigid-body impact
analysis would clearly influence the results of this model. From
Eq. (23), the vertical loft speed was directly proportional to the
stone—ground coefficient of restitution and a linear function of the
tire—stone coefficient of restitution. The baseline stone density was
2700 kg/m?, since this was the mean density of stone material
collected from runways in a previous study [10] and also the density
of aluminum, the material used for some aircraft parts and fasteners.
To restrict the scope of the parametric study, the influence of this
variable was not studied in detail here. This was justified by the low
variance in stone densities over the range of stone types observed on
runways [10].

The mass of the wheel assembly was a parameter specified in the
rigid-body impact model, and its baseline value was 65 kg, which
was the mass of a typical aircraft wheel [15]. The influence of this
parameter was also not the subject of a detailed study. Since the tire
mass was three orders of magnitude greater than the stone mass, the
effect of realistic variations in tire mass was expected to be negli-
gible. The tire cross-sectional radius took a baseline value of 1 mm,
suggesting that an unrealistically sharp tire was modeled. However,
the tire cross-sectional radius had negligible influence on the results,
because the rigid-tire assumption implied the stone—tire contact was
made at an infinitesimally small point. Therefore, the effect of
different tire cross-sectional radii could be captured in varying the
overlap.

V. Results

In this section, the results of the analytical lofting model are
presented in terms of the vertical stone loft velocity, which was
considered to be the most critical velocity component for primary
aircraft structures.

A. Parametric Studies

The vertical loft speed was directly proportional to the overlap for
overlaps up to 20% (Fig. 10) and approached a maximum at 50%
overlap. At any given overlap, larger stones were lofted at higher
speeds (Fig. 11). For instance, with an overlap of 30%, doubling the
stone diameter from 10 to 20 mm increased the vertical loft speed by
42% from 19to 27 m/s. For a given stone size, increasing the overlap
also led to greater vertical loft speeds, because the direction of the
initial relative velocity was closer to the vertical. The vertical loft
speed was directly proportional to the tire speed (Fig. 12) and was

35 T T T T

30 1

Vertical loft speed (m/s)
- n nN
(6] o (6}

e

o
T
L

0 . . . .
0 10 20 30 40 50

Overlap (%)
Fig. 10 Influence of overlap obtained using Eq. (20).

34 . . .

321 1

30 1

28 1

261 1

24} 1

Vertical loft velocity (m/s)

221 1

20 p 1

18 . . .
10 15 20 25 30

Stone diameter (mm)
Fig. 11 Influence of stone size obtained using Eq. (20).

approximately 40% of the tire speed using the default model
parameters. Larger tires resulted in lower vertical loft speeds, as
shown in Fig. 13. For instance, a 1-m-diam Hercules nose wheel
could produce vertical loft speeds of 18 m/s, whereas the corre-
sponding speed for the 1.4-m-diam main wheel was 15 m/s. In terms
of the sensitivity of the vertical loft velocity to the stone parameters
studied, the stone position relative to tire was the most important
parameter for all the models. Therefore, the plot of vertical loft speed
against overlap (Fig. 10) was useful for comparison with experi-
mental and numerical results.

B. Comparison with Experimental Lofting Studies and Predictions

For aluminum spheres of 14 mm diameter, a comparison was made
between the analytical rigid lofting model and modified drop-weight
impact experiments [3], as shown in Fig. 14. The modified drop-
weight experiments involved a steel impactor covered with rein-
forced rubber descending upon an aluminum sphere positioned on a
steel base. The trajectory of the sphere after impact was recorded
using high-speed video to obtain the loft velocities and angles. These
experiments were also simulated using finite element (FE) software
(LS-DYNA) to provide validation of the lofting mechanisms
predicted by the FE models.

The majority of the experimental data points were captured within
the envelope defined by the analytical loft model. The vertical loft
velocity of 11 mm spheres against overlap was also plotted for the
analytical solution, drop-weight numerical simulation and the
experimental results (Fig. 15). The analytical solution produced an
envelope that captured all but two of the data points, but was highly
conservative at overlaps greater than 35%. The simulated velocities

40 . . . .

351 1

301 1

251 1

201 1

15¢ ]

Vertical loft velocity (m/s)

00 20 40 60 80 100

Aircraft speed (m/s)
Fig. 12 Influence of tire speed obtained using Eq. (20).
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L L
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Fig. 13 Influence of tire diameter obtained using Eq. (20).
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Fig. 14 Comparison between drop-weight experiments for 14 mm
spheres impacted at 4.4 m/s with ¢, = 0.4 and analytical model results
obtained using Eq. (20).

gave a reasonable upper-bound envelope to the scattered experi-
mental data for values of overlap up to one-third of the stone
diameter. For larger values of overlap, the numerical predictions were
not as conservative; an overlap of one-half of the sphere diameter

45 : , ' ' '
— Analytical model
4.0F | o Experimental data o |
--- Numerical model >
_ 35} 2 1
(2] -
E - /‘ '
< 30t . | 1
> i .
_4(_-)- . - ° o Q o
S 25t /0 o |
] Y k
S , o \ ° o
&= L / o ' 1
5 20 , o o o Yo Q
— o °©
5 ’ ° O\
S 15f ’ : ° ]
e / ° o ° N
o / N
> 10k ’ ®o RN N 8 i
. // o o o N
, o © o S
05t |
// o ° o] 8
° o
0.0 ’ : o 0
0 10 20 30 40 50 60

Overlap (%)
Fig. 15 Vertical loft velocity against overlap for 11 mm spheres
impacted at 4.4 m/s with e, = 0.4. The analytical solution was obtained
using Eq. (20).

resulted in several instances where the experimental loft velocities
exceeded the numerical predictions. Neither the analytical nor the
numerical models were able to accurately predict the experimental
loft speeds at overlaps between 35 and 50%, although the analytical
model was considered more suitable for conservative design predic-
tions. In the numerical simulations, at overlaps approaching half the
stone diameter, the rubber simply enveloped the stone and prevented
the stone from escaping. However, in the experiments, at high values
of overlap, local rupture of the rubber could occur, allowing the stone
to be projected at velocities similar to those at lower overlaps. This
was a phenomenon that the simulations could not capture, since the
material model used for the rubber did not include failure.

VI. Influence of Air Resistance and Gravity

To consider the importance of including the drag and gravity in an
analysis of lofted-stone trajectories, the current section includes
calculations of the associated reductions in impact velocity under
typical lofting conditions. The first two subsections consider the
influence of air resistance and gravity separately, and the final sub-
section summarizes the significance of both when evaluating the
impact threat from stones.

A. Influence of Air Resistance

Assuming a quadratic relationship [16] between the drag force and
the stone velocity, the deceleration of a stone can be expressed as

dv CDpaA 2
— = 24
dr m " @
dv
—v2—=K 25
vy (25)
where
A 2 3
K = CD/O(Z — CDlOaﬂ:r = CDp!Z (26)
2m 20,(4/3)7r 8p,r
Let
w=v" 27)
dw
— =K 28
o (28)
w=Kt+C (29)
1
= 30
"TkKi+C 0

When ¢ = 0, then v = v,,. Therefore, C = 1/vy, and the speed of the
stone as a function of time is
v 1

=—_——— 31
L) K‘Uot"‘l ( )

To find the speed of the stone as a function of the distance traveled,
Eq. (32) is solved with the initial condition s(t = 0) = 0, which
yields Eq. (33):

i
s _ 1 (32)
dt Kt+C

1 (Kt
s== ( =+ ) 33)
K = Kt/C + 1 (34)
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t =%(e'<s —1 (35)
v= ! (36)
T Kt+C
: (37
V=
C® -1 +C
v=1/CeX* (38)
v/yy=e K 39)
v 3Cpp.s

Therefore, the fractional reduction in speed is given by

Vg — v 3C
0 zl_ﬂzl_exp(_ﬂ) 1)
Vo Vo 8,057‘

The maximum reduction in speed occurs when this ratio takes the
highest value. A low-density stone, a large distance traveled, and a
small stone radius all result in maximum aerodynamic drag. Using
typical values [9,10,17] (C, =0.5, p,=1.22kg/m?, p,=
2680 kg/m?, s = 1 m, and r = 10 mm), the reduction in speed of
the stone is 0.85%. Therefore, in the short distance required for the
stone to travel from the ground up to a height such that it could
impinge on an aircraft component, the effect of air resistance is small
enough to be neglected. For a smaller stone of » = 5 mm, the speed
reduction of 1.7% may justify an analysis including air resistance,
although it is likely that such small stones would result in negligible
impact damage.

B. Influence of Gravity

Clearly, it is necessary to consider the effect of gravity for low
vertical loft speeds, but for higher speeds the effect of gravity
becomes less important. The reduction in speed depends on the
height of travel g as well as the initial loft speed v. The minimum
travel height of interest is the lowest vulnerable point on the aircraft.
The maximum height of interest is the highest vulnerable point or the
maximum height that the stone can reach, whichever is lower. By
equating the change in the vertical translational kinetic energy with
the change in the gravitational potential energy, the change in speed
due to gravity is

Av=vy,—v=1v,— /v3 —2gq (42)

Suppose that a vertical impact velocity of 30 m/s is needed to
initiate damage in a horizontal fuselage panel 1 m above ground. The
reduction in speed due to gravity is 0.33 m/s, which is 1.1% of the
initial speed. This small gravitational effect implies that for impact
speeds liable to cause damage to horizontal structures, a conservative
approach would be to simply take the impact speed as the initial loft
speed.

VII. Discussion

A. Parametric Studies

The rigid-tire model predicted that for a given overlap, larger
stones were able to achieve greater loft speeds. This trend was
essentially because the contact with the tire was made at a greater
height, and therefore the vertical velocity component of the tire upon
initial contact with the stone was greater. The predicted relationship
between the vertical loft speed and the aircraft speed was one of direct
proportionality, because the tire speed determined the initial tire—

stone contact speed. On the other hand, the reduction of loft speeds
with increasing tire diameter was due to a decreasing initial contact
speed with the stone, as was evident in Eq. (1). The results of the
analytical models suggested that the parameters that needed to be
modeled correctly to accurately predict stone lofting were geom-
etrical properties of the tire local to the stone—tire contact zone.
One of the main limitations of the rigid-body model arose from the
assumption of idealized geometry for the stone and tire, which led to
simplified equations for collinear impacts being applied. In reality,
for the impact between the tire and the stone, the impact is not
collinear, because the center of mass of the tire is not on a common
normal line passing through the point of contact. Furthermore, the
irregular shape of most stones also results in the impact deviating
from the collinear case. Realistic deviations from the idealized case
would not only impose a significant scatter on the loft speeds and
angular velocities, but to also introduce further velocity components
not considered in the current analysis. The complexity of such an
analysis highlighted the advantages of numerical methods in further
model development and stochastic approaches to quantify the
uncertainty associated with the impact threat from runway stones.

B. Comparison of Analytical, Numerical, and Experimental
Lofting Studies

Various sources of energy dissipation that were not accounted for
in the analytical model resulted in many of the experimental lofts
occurring at much lower vertical velocities than those predicted.
Lofts at overlaps greater than 30%, which could exceed the simulated
values, were considered to be a result of higher loft angles than
expected. This discrepancy may have been related to modeling the
ground surface as flat, while the experimental set up used rough
sandpaper to achieve realistic friction coefficients. As found in
previous FE simulations [5], at the same overlap of 30%, increasing
the ground—stone friction had hardly any effect on the vertical loft
velocity, but decreased the total velocity. Therefore, the loft angle
increased with increasing ground—stone friction. At the higher values
of overlap, the asperities in the ground surface resulted in a greater
interaction of the stone against the ground, compared with the model,
and hence higher vertical loft velocities. The model predictions were
expected to be less accurate for greater overlaps, when large local
strains could be achieved and the material properties became more
important. Therefore, greater attention should be paid to modeling
the behavior of the tire material in this regime, where the tread
deformation may be large enough to cause local rupture of the rubber.

C. Asperity Lofting

Optimal structural design should consider the dependence of the
impact threat on the location of the structure relative to the wheels.
Away from the wheels, there has been no experimentally observed
mechanism that could produce impacts with large vertical velocity
components, except for asperity lofting. Because of the random
geometry and spacing of the asperities, it could be inferred that
relative to the ground, any asperity loft direction was theoretically
possible, including those forward of the lofting wheel. A small
degree of forward lofting relative to the ground has been observed in
tests carried out at the University of Dayton Research Institute [1].
However, the analytical modeling and drop-weight experiments [3]
showed that the maximum speed produced by this mechanism was
approximately half the aircraft speed. Hence, the resulting impact
location would be well behind the wheel, as observed on C-130
Hercules aircraft [4].

Under conditions in which asperity lofting may be prevalent,
significant normal impact speeds may be attained if the rebound
directs the majority of the momentum of the stone in an upward
direction. Based on this lofting mechanism, a conservative design
would be to consider a normal velocity threshold of half the takeoff
velocity over the entire underbelly of the aircraft rearward of the nose
wheel. A first attempt at quantifying the probabilistic threat presented
by such a scenario would be to assume that there is an equal
likelihood of any direction being taken after striking an asperity.
Thus, the probability that the vertical velocity component exceeds a
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Fig. 16 Possible asperity loft directions with vertical speeds >v,.

critical value v, can be calculated by considering the ratio of surface
areas of a spherical cap within a hemisphere representing all possible
rebound angles in three dimensions (Fig. 16). The radius of the
hemisphere is the initial stone launch speed v, and the surface areas
of the cap and the hemisphere can be expressed using standard
geometrical formulas to give the following expression:

2mv (v, — v,)

2

v,
=1--= 43
21v; 43)

s

P(v,>v,) =

This analysis also assumes the worst-case scenario that the speed
of the stone after rebound is equal to that before rebound. For a very
glancing impact of the stone against the asperity, the stone speed may
not be affected much and so this assumption is valid. However, when
large changes of direction occur, the stone speed would be signifi-
cantly reduced and would be dependent on the coefficient of resti-
tution between the stone and the asperity. Graphically, the effect of
this would be to skew the shape of the hemisphere, so that it would
appear more elongated toward the direction of the initial stone
launch. Further refinements to the stone trajectories may be intro-
duced by including an analysis of the influence of gravity and drag as
presented in Sec. VI.

The critical vertical velocity v, can be chosen to be one of two
relevant velocities. The first, v;, is the vertical speed required for
impingement with the aircraft such that a glancing impact may occur
with horizontal surfaces or normal impact may occur with vertical
surfaces: e.g., leading-edge structures. Alternatively, v, may be used
in place of v,. to calculate the probability of an impact with a vertical
velocity exceeding a damage threshold, or delamination threshold in
the case of a composite structure [18]. For instance, suppose the
aircraft takeoff speed is 70 m/s and the maximum stone launch
speed is 35 m/s. If the delamination threshold velocity is 30 m/s,
then the probability of the vertical velocity of a stone exceeding this
value, due to asperity lofting is 1 —v,;/v, =1—-30/35=1/7. Of
course, a true estimate of the threat would need to include the
probability of a sideward launched stone striking an asperity in the
first place. This would depend on the properties of the runway surface
used such as the roughness and the presence of loose material.
Considering the more realistic case of a stone—ground coefficient of
restitution less than unity implies that the stone does not need to
rebound purely vertically to achieve a maximum vertical velocity
(Fig. 17). Neglecting friction to simplify the analysis, leads to the
following expression for the maximum vertical stone velocity:

Fig. 17 Asperity lofting of a horizontally launched stone.

v, = v, cOs ¢ sin ¢ + ev, sin ¢ cos ¢ (44)
=v,(1 + e)sin¢cos ¢ (45)

dv,
d‘f; =v,(1 + ¢e)cos2¢ =0 when ¢ =45° (46)
vt =v(1+e)/2 (47)

If the coefficient of restitution for impacts of objects and materials
relevant to debris lofting is approximately e =0.6 [13], then
v = 0.8v,. Therefore, if v, =35 m/s, v =28 m/s. This
would imply that actually a damage threshold of v, = 30 m/s would
not be reached, even if the stone were to travel directly upward after
interacting with the asperity. Hence, a design velocity threshold of
V(1 + e)/4 should be used to ensure that no damage can be
produced by asperity lofting. Introducing friction would change the
rebound angle required to achieve v]"**, but would also decrease v,
so the above design threshold would still be conservative. Another
factor not taken into account in this analysis was stone spin. Since
this was likely to reduce the translational velocity and only contribute
to surface damage, the above analysis is still valid where internal
damage is the critical concern.

D. Conditions Affecting Stone Trajectory

For leading-edge damage, the aircraft needs to be traveling at a
speed V >V, and the stone must be lofted with a vertical speed
v, > /(2gq) to reach the aircraft. In addition, the vertical loft speed
must be great enough to strike the aircraft before the aircraft passes
over the stone. In this scenario, gravity is significant, but air
resistance is insignificant. For damage induced by high loft speeds,
the aircraft can travel at any speed greater than the speed required to
cause lofting of stones such that v, > v,. In this case, air resistance
can be significant for small stones only, but gravity is insignificant.
Since both effects act to reduce the impact velocity, an analysis that
neglects gravity and air resistance would result in conservative
structural design. It is anticipated that these effects are likely to be
less important than the effects of air flow around the engines or strong
winds, which may be highly unpredictable and may result in more a
severe impact speed or a greater probability of impact.

VIII. Conclusions

In summary, the analytical models propose a physical interpre-
tation of runway stone lofting processes observed in previous
numerical simulations and experiments. These processes are very
sensitive to a large range of parameters, particularly those related to
the geometry and mechanical properties of the tire tread local to the
stone—tire contact zone. The model predicted an increase in the
vertical loft velocity of the stone with increasing stone-tire overlap,
stone size, and aircraft speed and with decreasing tire diameter.
Under typical operating conditions, the range travel of a stone that
impacts an aircraft fuselage would be such that reductions in the
impact velocity due to air resistance and gravity would be small in
comparison with the impact speed required to initiate damage. Thus,
it was concluded that the initial stone launch speeds provided
reasonably accurate and conservative predictions of the final impact
speeds in the absence of any other significant aerodynamic effects.

However, due to the complexity of stone lofting under realistic
conditions, the analytical model was unable to capture important
details such as nonlinear material behavior and strain rate effects for
which more sophisticated finite element analysis methods may be
suitable. Additional validation of these analytical models and any
subsequent numerical models are necessary if they are to be used as
reliable tools for predicting the threat of runway debris impact
damage. Asperity lofting due to the irregular surfaces of the stone and
the ground presents a possible mechanism for stones to acquire
trajectories that are essentially randomly distributed around the
initial launch location. These trajectories lead to a simple quantitative
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estimate of the probability of the stone loft velocity exceeding a
critical speed sufficient to cause damage to an aircraft structure. The
design threshold against impacts occurring due to this mechanism is
governed primarily by the maximum takeoff or landing velocity of
the aircraft.

Appendix: Initial Tire-Stone Contact Equations
For a stone at the center of the footprint,

@ =R — (R—h)? (A1)
vzza)x:%\/ZRh—h2 (A2)

v. = Vy2h/R — (h/R)? (A3)

For a stone at the edge of the footprint,

R,=R—btan¢ (A4)

x> =R2— (R — h)> (A5)

1%
vo=ox=o V2Rh — h? + b*tan’¢ — 2Rb tan ¢ (A6)

v, = V/2h/R — (h/R)* + (b/R)*tan’p — 2b/R) tanp (A7)

For tire deflection,

(R—8)>=R>— (L/2)> (A8)
8 —2RS+L2/4=0 (A9)
§=R—RE—L1?/4 (A10)
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